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Vector bundles and cohomotopies of spin
5-manifolds
Panagiotis Konstantis∗
Abstract
The purpose of this paper is two-fold: On the one side we would like to close
a gap on the classification of vector bundles over 5-manifolds. Therefore it will
be necessary to study quaternionic line bundles over 5-manifolds which are in
1− 1 correspondence to elements in the cohomotopy group π4(M)  [M, S4] of M.
From results in [21, 23] this groups fits into a short exact sequence, which splits
into H4(M;Z) ⊕Z2 if M is spin. The second intent is to provide a bordism theoretic
splitting map for this short exact sequence, which will lead to a Z2-invariant for
quaternionic line bundles. This invariant is related to the generalized Kervaire
semi-characteristic of [22].
1 Introduction
The classification of isomorphism classes of vector bundles over a fixed manifold
(or more general over a CW-complex) in terms of computable invariants (e.g. by
characteristic classes) is a classical and everlasting problem in topology. In particular
in low dimensions such classifications are feasible.
Knowingly every real and complex line bundle is completely determined by its
first Stiefel-Whitney and its first Chern class respectively. One of the first classification
results was acquired by Dold and Whitney in [9] on 4-complexes. And later Woodward
classified oriented n-dimensional vector bundles over n-complexes for n  3, 4, 6, 7, 8
in terms of characteristic classes by using elementary homotopy theoretic methods
in [28].
The gap in Woodward’s classification, namely the case n  5, appears to be
somewhat different as the example of S5 shows: By the clutching construction the
isomorphism classes of oriented rank 5 vector bundles over S5 are enumerated by
π4(SO(5))  Z2 and are represented by the trivial and the tangent bundle of S5. Of
course both vector bundles have trivial characteristic classes and therefore they can-
not be used to distinguish them. In [27] Čadek and Vanžura classify oriented rank 5
vector bundles over a 5-complex X provided the following assumptions are fulfilled
(see [27, p. 755])
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(A) H4(X;Z) has no element of order 4,
(B) Sq2 H3(X;Z)  H5(X;Z2).
An important example of a 5-complex satisfying condition (B) is a closed 5-manifold
M with w2(M) , 0 (since by Poincaré duality the Wu class of Sq2 is just w2(M)). The
authors obtain
Theorem 1.1 (Theorem 1, [27]). Let X be a CW-complex of dimension ≤ 5 and suppose
γ : [X, BSO(5)] → H2(M;Z2) ⊕ H4(M;Z2) ⊕ H4(M;Z)
is defined by
γ(V)  (w2(V), w4(V), p1(V)),
where the triple consists of the second, fourth Stiefel-Whitney and the first Pontryagin class of
V respectively. Then
(a) im γ  {(a , b , c) : ρ4(c)  Pa + i∗b} (where ρ4 is the mod 4 reduction in coho-
mology, P : H2(M;Z2) → H4(M;Z4) is a Pontryagin square (cf. [17, Chapter 2]) and
i∗ : H∗(M;Z2) → H∗(M;Z4) the homomorphism induced by the map Z2 → Z4).
(b) If conditions (A) and (B) are fulfilled then γ is injective.
Hereby we note that results in [28] are in similar fashion as Theorem 1.1, especially
with conditions like (A).
The paper in handwill fill the gap for n  5where M is a smooth, closed 5-manifold
with w2(M)  0. We call a vector bundle V → M spinnable if w1(V)  w2(V)  0.
We prove in Proposition 2.3 that every spinnable vector bundle of rank 5 over M is
decomposed by E ⊕ ε1 where E is a quaternionic line bundle.
Unlike the case of real and complex vector bundles the set of quaternionic line
bundles do not posses in general a group structure. However if M is of dimension
five, the quaternionic line bundles over M are in 1 − 1 correspondence with elements
of the cohomotopy group π4(M)  [M, S4] which has a natural group structure, see
Remark 3.1. In section 3.1 we explain that, from previous works, π4(M) fits into an
short exact sequence which splits such that π4(M)  H4(M;Z) ⊕ Z2 if M is spin. The
Pontryagin-Thom construction provides an isomorphism between π4(M) and Ωfr1;M , the
bordism classes of normally framed closed 1-submanifolds of M. In section 3.2 we
assign to every quaternionic line bundle E → M a framed divisor [L, ϕE] ∈ Ωfr1;M where
L is the zero locus of a generic real section of E and ϕE a framing on the normal bundle
of L induced by the Sp(1)-structure of E. In section 3.3 we construct an invariant
κ : π4(M) −→ Ωfr1 ,
where κ(E) is the stabilized framed divisor of E and Ωfr1 the bordism group of stably
framed closed 1-manifolds, see Definition 3.8. The definition of κ can depend on the
choice of a spin structure on M. The main result in this section is Theorem 3.15 where
we show that the Z2-part of π4(M) is isomorphic to π5(S4) and furthermore that κ is a
section for the short exact sequence of π4(M). We obtain
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Corollary 3.16. Let M be a closed spin 5-manifold. Then for any Sp(1)-structure on M the
map
π4(M) → H4(M;Z) ×Ωfr1 , E 7→
( p1
2
(E), κ(E)
)
is an isomorphism of groups (where p12 (E) is the spin characteristic class of E).
Cohomotopy groups of a manifolds was also studied by Kirby, Teichner andMelvin
in [12]where the authors computebyelementarygeometric arguments the cohomotopy
group pi3 of 4-manifolds. For X an odd 4-manifold the authors show in [12, Theorem
1] that the short exact sequence of π3(X) splits if and only if X is spin.
The classification of quaternionic line bundles over quaternionic projective spaces
was studied in [10, 11]. Our results show similarities to the work of [6]. Crowley and
Goette introduce an index theoretic t-invariant (cf. [6, Definition 1.4]) for quaternionic
line bundles E on (4k − 1)-manifolds N with H3(N ;Q)  0 and such that the spin
characteristic class of E is torsion. If Bun(N) denotes the set of isomorphism classes of
quaternionic line bundles, then the t-invariant is a map t : Bun(N) → Q/Z such that
Bun(N) −→ H4(N ;Z) ×Q/Z, E 7→
( p1
2 (E), t(E)
)
is injective provided N is a smooth, 2-connected oriented rational homology 7-sphere,
see [6, Theorem 0.1] and cf. Corollary 3.16 (note that p12 (E)  −c2(E), if we consider E
as a vector bundle with SU(2)-structure, see section 3.2). Moreover the concept of a
divisor for quaternionic line bundles was also used in [6] to show that the t-invariant
localizes near its divisor, cf. [6, Proposition 1.10]. Finally the t-invariant and the
κ-invariant indicate more resemblances as [6, Proposition 1.11] shows: For a stably
framed manifold N one obtains t(E)  −e(Y), where Y is a divisor of E and e Adam’s
e-invariant, cf. [1, Section 7]. Thus t is, as κ, related to the theory of stable homotopy
groups and the J-homomorphism.
In section 4wewill use the developed theory of quaternionic line bundles to classify
spinnable vector bundles of rank 5 over spin 5-manifolds in terms of κ and the spin
characteristic class p12 :
Theorem 4.5. Let M be a closed spin 5-manifold and consider the sets
W1 : {V ∈ [M, BSO(5)] : w2(V)  w4(V)  0},
W2 : {V ∈ [M, BSO(5)] : w2(V)  0, w4(V) , 0}.
Then W1 is a group such that the map
W1 → H
4(M;Z) ⊕ Ωfr1 , V 7→
( p1
2 (V), κ(V)
)
is an isomorphism of groups.
Furthermore if dimH4(M;Z2) > 0 then every element in W2 is uniquely determined by its
spin characteristic class
p1
2 which are in one-to-one correspondence to ρ
−1
2 (H
4(M,Z2) \ {0}),
where ρ2 induced by the mod 2 reduction Z→ Z2. In particular every vector bundle in W2 is
determined by its stable class.
3
Moreover for V ∈ W1 we define κ(V) to be κ(E), where E is the unique quaternionic
line bundle such that V  E ⊕ ε1. Proposition 4.3 shows that κ(V) is the generalized
Kervaire semi-characteristic of V , cf. [22]. Thus we provide a bordism theoretic definition
of the generalized Kervaire semi-characteristic.
At the end we point out some implications for the topology of 5-manifolds using
that generalized Kervaire semi-characteristic for tangent bundles is the Kervaire semi-
characteristicwhich is defined as
k(M) 
∑
i
dimH2i(M;R) mod 2,
see section 4.
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2 Spinnable vector bundles
Let V → M be an oriented, spinnable (i.e. w2(V)  0) vector bundle over M of rank 5.
Before we prove a structure result for V we have to discuss subgroups of SO(n) and
Sp(n) and their relations in low dimensions.
Let i : SU(2) → SO(5) denote the canonical inclusion SU(2) ⊂ SO(4) ⊂ SO(5). If
we identify Sp(1) with SU(2) we may consider Sp(1) as a subgroup of SO(5) by i.
Furthermore we consider one of the possible two diagonal embeddings of Sp(1) into
Sp(2) which we call a standard embedding. We remark, that we will not distinguish
between an Sp(1) and an SU(2)-structure.
Lemma 2.1 (see Section 2 of [18]). Let i : Sp(1) → SO(5) be the inclusion described above.
Then i factors as the standard embedding of Sp(1) into Sp(2) through the universal cover map
π : Sp(2) → SO(5).
We define a quaternionic line bundle by means of reductions of structure groups.
Definition 2.2. Let E → M be an oriented real vector bundle of rank 4. We say E is
quaternionic line bundle if the structure group of E can be reduced to Sp(1)  SU(2).
Now the important structure result for V is
Proposition 2.3. There is a quaternionic line bundle E → M such that V  E ⊕ ε1.
Proof. Let Bk denote the classifying space BSO(k) and let BH : BSU(2)  BSp(1).
Then consider the fibration
SO(5)/SU(2) −→ BH
Bi
−→ B5,
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where Bi is the map induced from i : Sp(1) → SO(5) on the classifying spaces. Denote
with the same letter V : M → B5 the classifying map of V . We will show that under
the condition w2(V)  0 there is a lift of V to a map M → BH which will prove the
lemma.
Using Lemma 2.1, the universal cover of SO(5)/SU(2) is Sp(2)/Sp(1), where Sp(1)
lies in Sp(2) by a standard embedding of H in H2. Since Sp(2)/Sp(1)  S7 we obtain
π1(SO(5)/SU(2))  Z2, πk(SO(5)/SU(2))  0, for k  2, 3, 4.
It follows that if M is of dimension 5, the only obstruction for lifting V lies in H2(M;Z2)
and is given by w2(V), since the vanishing is a necessary condition. 
Thus to understand the spinnable rank 5 vector bundles one has to understand first
the set of quaternionic line bundles over M.
Remark 2.4. The geometric properties ofSU(2)-structures on 5-manifoldswere studied
intensively in [5, 8].
3 Quaternionic vector bundles
The classifying space BSp(1)  BSU(2)  BSpin(3) for quaternionic line bundles is
given by the infinite quaternionic projective space HP∞ and the inclusion S4 → HP∞
is an 7-equivalence. Thus if M is a 5-dimensional manifold the set of isomorphism
classes of quaternionic line bundles are in 1-1 correspondence to
[M, S4]  π4(M),
see also [20]. Hence, the set of quaternionic line bundles over M possesses naturally
the structure of group, which is in general false in higher dimensions and contrary
to the case of real and complex line bundles. We conclude that every quaternionic
vector bundle E → M is the pull-back of the tautological quaternionic line bundle H
over S4  HP1. We will mix notations and denote a quaternionic line bundle over a
5-manifold also by a homotopy class of a continuous map M → S4.
Remark 3.1. (a) Let us describe the group structure of π4(M): Consider the inclusion
j : S4 ∨ S4 → S4 × S4 of the 7-skeleton of S4 × S4 (endowed with the standard
CW-structure). Since M is 5-dimensional, the induced map j# : [M, S4 ∨ S4] →
[M, S4 × S4] is bĳective. For f , g ∈ π4(M) the group structure is defined by
f + g : (idS4 ∨ idS4)# ◦ ( j#)
−1( f × g).
This makes π4(M) into an abelian group.
(b) A more sophisticated view to the group structure can be found in [23, Âğ6]:
Let SE4 be the first two stages of the Postnikov decomposition of S4 then the
map S4 → SE4 induces a bĳection [M, S4] → [M, SE4] (cf. [19]). But we have
SE4  ΩSE5, thus SE4 is a homotopy H-space and therefore [M, S4] carries a
natural group structure.
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3.1 Steenrod’s enumeration of π4(M)
Steenrod investigated πn(X) in [21, Theorem 28.1, p. 318] for a CW complex X of di-
mension dimX  n+1. If σ ∈ Hn(Sn ;Z) is a generator then theHurewicz-homomorphism
Φ : πn(X) → Hn(X;Z), f 7→ f ∗(σ)
is a surjective group homomorphism and the kernel is isomorphic to
Hn+1(X;Z2)/Sq2 µ(Hn−1(X;Z))
where µ : H i(X;Z) → H i(X;Z2) is the map induced by the coefficient homomorphism
Z → Z2. Thus, if M is spin, the Wu class of Sq2 is w2(M) and therefore we obtain a
central extension of Z2
0 −→ Z2 −→ π4(M) −→ H4(M;Z) −→ 0 (3.1.1)
Moreover in [23, Âğ6] Taylor uses methods of Larmore and Thomas [14] to study this
extension. A purely homotopy theoretical argument shows that the above short exact
sequence splits if Sq2 : H3(M;Z) → H5(M;Z2) and Sq2 : H3(M;Z2) → H5(M;Z2) have
the same image, cf. [23, Example 6.3]. This is obviously the case when M is spin. We
would like to give a geometrically meaning to splitting π4(M)  H4(M;Z) ⊕ Z2.
Before doing this we would like to explain that Φ is equal to the mapwhich assigns
to every quaternionic line bundle its spin characteristic class. Let SU 
⋃
nSU(n)
and Spin 
⋃
nSpin(n). The canonical inclusion SU → Spin induces isomorphisms
πi SU→ πi Spin for i ≤ 5, see [26, Lemma 2.4]. Define the (universal) spin characteristic
class p12 ∈ H
4(BSpin;Z) to be the preimage of the universal second Chern class −c2 ∈
H4(BSU;Z) under the map BSU→ BSpin induced by the canonical inclusion.
Let W → X be a spinnable vector bundle over a finite CW complex X. A choice of
spin structure on W defines a map g : X → BSpinwhich is a lift of the classifying map
X → SO 
⋃
nSO(n). Define
p1
2 (W) to be g
∗(
p1
2 ) ∈ H
4(X;Z), which is independent of
the choice of spin structure, cf. [26, p. 170]. Moreover we have
p1
2 (W) ≡ w4(M) mod 2, 2 ·
p1
2 (W)  p1(W), (3.1.2)
see again [26, p. 170].
The classifying map
p1
2
: BSpin −→ K(Z, 4)
is an 8-equivalence, thus two spinnable vector bundles over a CW-complex of dimen-
sion ≤ 7 are stably isomorphic if and only if their spin characteristic class p12 are equal,
cf. [28] and [7, p. 5].
The inclusion i : S4  HP1 ֒→ HP∞ induces an isomorphism on integer cohomology
in dimension 4. By construction p12 (H) ∈ H
4(S4;Z) is a generator where H can be
described as the pull back under i of the tautological quaternionic line bundle over
HP∞ . Thus the map Φ is given as
Φ : π4(X) → H4(X;Z), f 7→ p12 ( f
∗(H))  f ∗
( p1
2 (H)
)
.
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3.2 Geometric interpretation of π4(M)  H4(M;Z) ⊕ Z2.
Suppose now E → M is a quaternionic line bundle over a spin 5-manifold M. We
would like to show how to obtain element of π4(M) out of the bundle data of E.
Therefore we need to make a detour overΩfr1;M , the bordism group of normally framed
closed 1-manifolds of M (see [16, Âğ7] for a definition). The groups π4(M) and Ωfr1;M
are isomorphic by the Pontryagin-Thom construction, see again [16, Âğ7].
Choose a (real) section σ ∈ Γ(E) transverse to the zero section of E. The zero set
of σ, call it L, is a closed 1-dimensional submanifold of M. The bundle E defines a
trivialization of the real vector bundle νL : ν(L ֒→ M) as follows. The restricted vector
bundle E |L is the trivial quaternionic line bundle and any non vanishing quaternionic
section of E |L gives a trivialization E |L  L × H which is unique up to homotopy
(since π1(Sp(1))  1). The quaternionic structure gives now, up to homotopy, a unique
trivialization of the underlying real vector space E |L. The derivative of σ along L gives
a bundle isomorphism between νL and E |L. Let us denote this induced framing of νL
with ϕE. Thus we obtain a class [L, ϕE] ∈ Ωfr1;M .
Lemma 3.2. The class [L, ϕE] does not depend on the choice of the transverse section σ.
Proof. Let σ′ be another section of E transverse to the zero section and denote the set of
zeros by L′. These data induce, like above, a framing ϕ′
E
on νL′. Then there is a section
τ ∈ Γ(E˜) such that τ|M×0  σ and τ|M×1  σ′ where E˜  pr∗(E) and pr: M × [0, 1] → M
is the projection onto the first factor. Wemay also assume that τ is transverse to the zero
section of pr∗(E) and τ(p , t)  σ(p), τ(p , 1− t)  σ˜(p) for t ∈ [0, ε)where ε > 0 is small.
The zero set Σ of τ is a two-dimensional submanifold with boundary (L × 0) ∪ (L′ × 1).
The section τ provides an isomorphism of ν(Σ ֒→ M × [0, 1]) and E˜ |Σ. And as before
E˜ |Σ is the trivial bundlewith a canonical framing induced by the quaternionic structure
(note that Σ is a CW-complex of dimension at most 1).
Thus Σ has a normal framing which restricts on the boundary to the given ones
(by construction), which means, that (L, ϕE) and (L′, ϕ′E) are normally framed bordant,
hence they represent the same element in Ωfr1;M . 
Definition 3.3. For a quaternionic line bundle E → M we call the class [L, ϕE] the
framed divisor of E.
Lemma 3.4. Two isomorphic quaternionic line bundles have the same framed divisor.
Proof. Theproof follows the same arguments asLemma3.2, thereforewe sketch aproof.
If E and E′ are isomorphic quaternionic line bundles then we have a quaternionic line
bundle over M × [0, 1] which restricts to E and E′ on M × 0 and M × 1 respectively.
Let σ and σ′ be two sections of E and E′ respectively, then there is a section τ of
the quaternionic line bundle over M × [0, 1] which restricts to the given ones and is
transverse to the zero section. The zero locus Σ of τ provides a normally framed
bordism in M × [0, 1] between the two framed divisors of E and E′. 
This shows that we obtain a well-defined map from Bun(M) → Ωfr1,M , E 7→ [L, ϕE],
where Bun(M) denotes the set of isomorphism classes of quaternionic line bundles
over M.
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Lemma 3.5. Let f : M → S4 be a classifying map for E. Under the Pontryagin-Thom
isomorphismΩfr1;M → π
4(M) the framed divisor [L, ϕE] is mapped to f .
Proof. Suppose x0 ∈ S4 is a regularvalueof f anddenote by ( f −1(x0), ϕ f ) thePontryagin-
manifold to f . Then there is a section σ0 : M → H with only one zero exactly at x0 and
transverse to the zero section. Observe now, that the pull back σ : f ∗(σ0) in E  f ∗(H)
is transverse to the zero section and has f −1(x0) as its set of zeros. Choosing a non-zero
element in Hx0 corresponds to a quaternionic section of E | f −1(x0) and the framings ϕE
and ϕ f coincide. 
Remark 3.6. Thus we showed that the following diagram commutes
Bun(M)
π4(M) Ωfr1;M .
E 7→[L,ϕE]f 7→ f
∗(H)
Pontryagin-Thom
We define on Bun(M) a group structure such that the above diagramm commutes as
abelian groups.
3.3 Splitting map
Wewill construct in this paragraph a splitting map for the short exact sequence (3.1.1)
Therefore we choose first a Sp(1)-structure on TM (which is equivalent to choose a
spin structure for M, cf. Proposition 2.3). This is possible since we assume w2(M)  0.
If L is a closed 1-dimensional submanifold of M then TM |L is canonical trivialized by
the Sp(1)-structure of TM.
Recall that if E ∈ π4(M) and σ ∈ Γ(E) is a transverse section then the set of zeros L is
a 1-dimensional closed submanifold. Let L  L1∪ . . . Lk be the connected components.
The section σ induces on each νLi a framing as described above. Altogether this
produces a stable framing of TLi since
ε5  TM |Li  TLi ⊕ νLi  TLi ⊕ ε
4.
We denote this stable framing by [Li , ϕSE,i] which is an element in Ω
fr
1  Z2. This
definition is well-defined on the isomorphism class of E or rather on the bordism class
of the framed circle [L, ϕE] ∈ Ωfr1;M .
Lemma 3.7. Let E → M be a quaternionic line bundle over M and let σ, σ′ ∈ Γ(E) be two
transverse sections. Denote by L and L′ the corresponding zero loci. Then
[L, ϕSE]  [L
′, (ϕ′E)
S] ∈ Ω
fr
1 .
Proof. Let pr : M × [0, 1] → M be the obvious projection. We have seen above, that
[L, ϕE] and [L, ϕ′E] are normally framedbordant. Denote byΣ ⊂ M×[0, 1] the normally
framed bordism. Then Σ is also stably framed
ε6  T(M × [0, 1])|Σ  TΣ ⊕ ν(Σ ֒→ M × [0, 1])  TΣ ⊕ pr∗(E)|Σ  TΣ ⊕ ε4
and clearly this shows that [L, ϕSE] and [L
′, (ϕ′E)
S] are stably framed bordant. 
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Definition 3.8. For a quaternionic line bundle E → M we call [L, ϕSE] the stabilized
framed divisor of E and we define
κ(E) :
k∑
i1
[Li , ϕ
S
E,i] ∈ Ω
fr
1
where Li is connected and L  L1 ∪ . . . ∪ Lk is the zero locus of a transverse section of
E.
Corollary 3.9. If E → M and E′ → M are two isomorphic quaternionic line bundles then
κ(E)  κ(E′).
Example 3.10. Consider S5 ⊂ C ⊕ H, where H  spanR{1, i , j, k} with i
2
 j2  k2 
i jk  −1. We define a nowhere vanishing vector field X on S5 by
X(z , q) : (iz , iq).
Then E0 : (R · X)⊥ is a quaternionic line bundle over S5. The map
σ : M → E0, (z , q) 7→ (0, jq)
defines a transverse section of E0 with zero locus L0 : S1 × 0 ⊂ C ⊕ H. The framing of
ν(L0) induced by E0 |L0 is represented by the trivializations
τN(z , 0)  (0, N), N ∈ {1, i , j, k}.
Now, constructing the stable framing forTL0with respect to the uniqueSp(1)-structure
of S5 gives the Lie group framing of S1, thus [L0, ϕSE] represents the generator of Ω
fr
1
and therefore κ(E0)  1.
There is a subtle point in the definition of κ with the choice of the Sp(1)-structure
on M . In general the definition of this invariant depends on the Sp(1)-structure but
for some quaternionic line bundles the invariant is independent from that choice.
Fix a Sp(1)-structure of M, then, by obstruction theory, any other Sp(1)-structure
is determined by an element of H1 (M; π1 (SO(5)/Sp(1)))  H1(M;Z2) which is the
obstruction that any other structure is homotopic to the fixed one.
Proposition 3.11. Fix a Sp(1)-structure on M and choose another one represented by α ∈
H1(M;Z2). Denote by κα the generalized Kervaire semi-characteristic induced by the Sp(1)-
structure α. If α ⌣ w4(E)  0 then κ(E)  κα(E).
Proof. Let σ ∈ Γ(E) be a real transverse section then the zero locus L of σ is the Poincaré
dual to the Euler class e(E) of the underlying vector bundlewith structure group SO(4),
cf. [3, Proposition 12.8]. Furthermore we have the well known relation w4(E) ≡ e(ER)
mod 2. We write L  L1 ∪ . . . ∪ Lk where Li are connected embedded circles of M.
We have to show that for any α ∈ H1(M;Z2) with α ⌣ w4(E)  0 the induced
Sp(1)-structure on TM |L does not change. This is equivalent to the vanishing of
i∗(α) ∈ H1(L;Z2), where i : L → M is the embedding of L into M. Set i j : i |L j : L j → M
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and denote by µL the generator of H1(L;Z2) and µL j that of H1(L j ;Z2). Clearly we have
i∗(µL) 
∑k
j1(i j)∗(µL j ) ∈ H1(M;Z2).
By Poincaré duality i∗(α)  0 if and only if i∗(α) ⌢ µL  0. It follows
i∗(α) ⌢ µL 
k∑
j1
(i j)
∗(α) ⌢ µL j
and the sum is zero if and only if
k∑
j0
(i j)∗
(
(i j)
∗(α) ⌢ µL j
)
 0
since (i j)∗ : H0(L j ;Z2) → H0(M;Z2) is an isomorphism for all j. But from
(i j)∗
(
(i j) ∗ (α) ⌢ µL j
)
 α ⌢ (i j)∗(µL j )
we deduce that
∑k
j0(i j)∗
(
(i j)
∗(α) ⌢ µL j
)
 α ⌢ i∗(µL). Note that i∗(µL) is the Poincaré
dual of w4(M) by construction. Furthermore if [M] ∈ H5(M;Z2) is the fundamental
class of M we compute the Poincaré dual
(α ⌣ w4(E)) ⌢ [M]  α ⌢ (w4(E) ⌢ [M])  α ⌢ i∗(µL),
which proves the proposition. 
Corollary 3.12. If w4(E)  0 then κ(E) is independent of the chosen Sp(1)-structure on M.
In particular this is true if H1(M;Z2)  0.
Remark 3.13. If L ⊂ M is an embedded circle with a normal framing ϕ, then, using
the isomorphism ε5  TL ⊕ ε4, we may define a map L → SO(5) by choosing a
trivialization of TL and expressing the framing of TL⊕ ε4 in a basis of the trivialization
of TM |L  ε5. This defines a homotopy class in π1(SO(5)). If π1(SO(5)) is identified
with πS1 through the J-homomorphism we see that [L, ϕ
S] agrees with the homotopy
class of L → SO(5).
Lemma 3.14. Suppose M and N are oriented, closed spin 5-manifolds and Φ : M → N
a smooth map such that Φ|U : U → V is a diffeomorphism, where U ⊂ M, V ⊂ N are
open subsets. Let (LN , ϕN) be a normally framed circle in N and set LM : Φ−1(LN),
ϕM : Φ∗(ϕN ). If 0  [LN]2 ∈ H1(N ;Z2), then [LM , ϕSM] is equal to [LN , ϕ
S
N
].
Proof. Choose a Sp(1)-structure on M and N . Let SN : LN → SO(5) be the map obtain
from [LN , ϕN] according to Remark 3.13. Then the corresponding map SM : LM →
SO(5) is given as
SM  A · SN · A
−1
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where A : LM → SO(5) is defined by expressing a trivialization of TN |LN  ε
5 via
D(Φ−1) through a trivialization of TM |LM . Using an Eckmann-Hilton argument we
obtain for the homotopy classes in π1(SO(5)):
[SM]  [A] + [SN] + [A
−1]  [A] + [SN] + [A]  [SN].
Since [LN]2  0 we have also [LM]2  0 and the classes [LN , ϕSN] and [LM , ϕ
S
M
] do not
depend on the Sp(1)-structures. 
Theorem 3.15. Let M be a oriented, closed spin 5-manifold. Then for any Sp(1)-structure on
M we have
(a) the generator of Z2  ker
p1
2 ⊂ π
4(M) is given by the homotopy class of ν ◦ p : M → S4
where p : M → S5 is a map of odd degree and ν represents the generator of π5(S4).
(b) ifΩfr1 is identified with π
S
1  π5(S
4) ⊂ π4(M), then κ : π4(M) → Ωfr1 is a splitting map
for the short exact sequence (3.1.1).
Proof. Clearly the quaternionic line bundle E : (ν ◦ p)∗(H) lies in the kernel of Φ as
well as the trivial bundle H. Then part (a) follows if we show that E is not the trivial
bundle. Assume first p : M → S5 is a map of degree 1. Thus there are open sets U ⊂ M
and V ⊂ S5 such that p |U : U → V is a diffeomorphism. Let [L0, ϕ0] ∈ π4(S5) be the
generator and we may assume that L0 ⊂ V . Set L : p−1(L0) and pull back the framing
ϕ : p∗(ϕ0). The element [L0, ϕ0] is the framed divisor of E0 : ν∗(H) and [L, ϕ] that
of E : (ν ◦ p)∗(H). Since [L0]2 ∈ H1(S5;Z2) is zero we obtain from Lemma 3.14 that
κ(E0)  κ(E), hence κ(E) is a generator of Ωfr1  π
S
1  π5(S
4), see Example 3.10. The
same argument shows that κ(H) is zero.
If deg p is an odd number different from 1, then there is an odd number of points
in the preimage of a regular value for which p is a local diffeomorphism around these
points. Hence for κ(E) we would sum - by definition - an odd number of κ(E0), which
again gives the generator of Ωfr1 . Same holds for κ(H). Thus E and H cannot be
isomorphic (cf. Corollary 3.9), which proves part (a).
We explain next that κ(E) is a homomorphism. For E, F ∈ π4(M) the corresponding
framed divisor for E + F is given by disjoint union, cf. Remark 3.6. Same holds for the
group structure of Ωfr1 . Thus by definition we have for the stabilized framed divisors
κ(E + F)  [LE ∪ LF , (ϕE ∪ ϕF)
S]  [LE , ϕ
S
E] + [LF , ϕ
S
F]  κ(E) + κ(F).
Now it follows that κ splits the short exact sequence (3.1.1), since κ is a homomor-
phism and κ restricted to ker p12 is the identity, which follows from part (a). 
Corollary 3.16. Let M be a closed, oriented spin 5-manifold. Then for any Sp(1)-structure on
M the map
π4(M) → H4(M;Z) ×Ωfr1 , E 7→
( p1
2
(E), κ(E)
)
is an isomorphism. Thus two quaternionic line bundles E and E′ are isomorphic if and only if
E and E′ are stably isomorphic and κ(E)  κ(E′).
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Moreover from the proof of Theorem 3.15 we conclude
Corollary 3.17. Suppose M and N are two closed oriented spin 5-manifolds and Φ : M → N
a continuous map. If E → N is a quaternionic line bundle, then for any Sp(1)-structure on M
and N we have
κ(Φ∗(E))  deg2Φ · κ(E),
where deg2Φ is the mod 2 degree of Φ.
4 Classification of spin vector bundles of rank 5
Let V → M be a spinnable vector bundles of rank 5. Note that for V there is a
quaternionic line bundle E ∈ π4(M) such that V  E ⊕ ε1. Any other quaternionic
line bundle with this property is stably isomorphic to E. Hence there are at most two
quaternionic line bundles with V  E ⊕ ε1.
Lemma 4.1. If w4(V)  0 then there is a unique quaternionic vector bundle E such that
V  E ⊕ ε1.
Proof. Suppose E and E′ are quaternionic vector bundles with E ⊕ ε1  V  E′ ⊕ ε1.
Note that w4(E)  w4(E′)  0, thus κ(E) and κ(E′) do not depend on the Sp(1)-structure
of M. E and E′ are stably isomorphic and we may assume that the zero loci, say L,
of transverse section from both bundles are the same. For κ(E) and κ(E′) we have to
consider the stable framings
ε5  TM |L  TL ⊕ E |L , ε
5
 TM |L  TL ⊕ E
′|L .
Adding on both sides a trivial bundle will no change the class in Ωfr1 . We obtain
ε6  ε1 ⊕ TM |L  TL ⊕ (E ⊕ ε
1)|L  TL ⊕ V |L
and the same for E′, thus κ(E)  κ(E′) and with Corollary 3.16 we obtain E  E′. 
From Lemma 4.1 we may define for V with w4(V)  0 also a Z2-invariant by
κ(V) : κ(E), where E is the unique quaternionic line bundle of V .
We will explain in the next lines that κ(V) is the same invariant as the generalized
Kervaire semi-characteristic k(V) defined in [22]. We give a brief description of k(V)
(cf. [22, 24]; note that the following lines can be generalized to higher dimensions):
Since w4(V)  0 there are two cross sections σ1, σ2 of V which are linearly independent
on the complement of a finite set of points {p1, . . . , pk}. We may assume that pi lies
in the interior of a closed simplex s. The vector bundle V restricted to s is the trivial
bundle s ×R5 and thus (σ1(q), σ2(q)) can be regarded as an orthonormal 2-frame in R5
on s \ {pi}, thus a point in the Stiefel manifold V5,2. The boundary ∂s of s is a 4-sphere
and the restriction of (σ1, σ2) on ∂s produces a map ∂S → V5,2. Its homotopy class, call
it Ipi , is therefore an element of π4(V5,2). One defines now
k(V) :
k∑
i1
Ipi ∈ π4(V5,2)  Z2.
The authors show
12
Lemma 4.2 (From Corollary 2.2 in [22]). k(V) is independent of the choices made above and
moreover V admits two linearly independent cross sections if and only if k(V) vanishes.
This invariant coincides with the invariant k of Thomas defined in [24, p. 108],
which is the k-invariant of the Moore-Postnikov tower of a certain fibration. In case
V  TM the invariant is well known as the Kervaire semi-characteristic of M [2, 24] and
can be easily computed by the formula
k(M) ≡
∑
i
dimH2i(M;Z2) mod 2
≡
∑
i
dimH2i(M;R) mod 2,
where the last equality is a consequence of the Peter-Lusztig-Milnor formula [15].
Proposition 4.3. Let V be an oriented, spinnable vector bundle over M of rank 5 and such
that w4(V)  0. Then κ(V)  k(V).
Proof. From [22, Corollary 2.2] we have k(V)  0 if and only if there exists two linearly
independent sections of V , we would like to show κ(V)  0. We will use in the
following lines the singularity approach of [13].
Let ψ ∈ Γ(V) be a nowhere vanishing section such that V  E ⊕ R · ψ, where E is
the unique quaternionic line bundle to V . Let σ be a transverse section of E. This data
induce a bundle morphism
u : ε2 → V, up(x1, x2) : x1σ(p) + x2ψ(p), p ∈ M, (x1, x2) ∈ R2,
which in turndefines a section, denotedby su, in thehomomorphismbundleHom(ε2,V).
LetW1,A1 ⊂ Hom(ε2,V)be the subfibrationswhere the fibers consist of all linearmaps
of rank ≥ 1 and rank equal to 1 respectively. Then W1 is open inHom(ε2,V) and A1 is
a closed smooth submanifold of W1, cf. [13, p. 17]. Of course we have su ∈ Γ
(
W1
)
and
su is transverse to A1. Moreover it is evident that s−1u (A
1) : L is the zero locus of σ.
Let s0 ∈ Γ(W1) be the morphism induced by the two linearly independent sections of
V , which exist, since k(V)  0 is assumed.
Next, we look at Hom : Hom(ε2 , pr∗(V))  pr∗ (Hom(ε2,V)) and consider A˜1 as
well as W˜1 analogously to the definitions above. Then there exists a section S ∈ Γ(W˜1)
with the properties that S is transverse to A˜1, S |M×0  su and S |M×1  s0. The set
Σ : S−1(A˜1) is a smooth compact surface with ∂Σ  L, hence Σ is a null-bordism for
L. According to the definition of κ(V) we have to show that the stable framing of TL
in the definition of κ(V) is induced by a stable framing of TΣ.
The normal bundle of A˜1 in W˜1 is isomorphic to Hom(k˜er,coker )where
k˜er :
⋃
h∈A˜1
h × ker h , coker : ⋃
h∈A˜1
h × coker h ,
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see [13, equation (1.1)]. This implies ν(Σ ֒→ M × I)  Hom(ε1, pr∗(V)/im S)|Σ 
(pr∗(V)/im S)|Σ and therefore we have
ν (Σ ֒→ M × I) ⊕ R · S |Σ  pr∗(V)|Σ.
Since pr∗(V) has, up to homotopy, a unique framing we obtain, after a choice of an
Sp(1)-structure on M, a stable framing of TΣ by
ε7  (T(M × I) ⊕ R · S)|Σ  TΣ ⊕ ν(Σ ֒→ M × I) ⊕ R · S |Σ  TΣ ⊕ ε
5.
One sees immediately that the restricted stable framing on L × 0 is that which is used
for the definition of κ(V). This shows that k(V) implies κ(V)  0.
It remains to show that k(V)  1 implies κ(V)  1. Let V be the bundle stably
isomorphic to V but κ(V)  1 + κ(V). Then V and V are not isomorphic (since the
corresponding quaternionic line bundles are not isomorphic), hence from [25, Lemma
3] we must have k(V)  0 and the first part of this proof implies κ(V)  0 thus
κ(V)  1. 
Lemma 4.4. Suppose w4(V) , 0. Then V is uniquely determined by
p1
2 (V).
Proof. Since w4(V) , 0 there is a non-zero α ∈ H1(M;Z2) such that α∪w4(V) , 0. Thus
there are at least two non-homotopic lifts of the classifying map M → BSO(5) of V .
This means there are two non-isomorphic quaternionic line bundles E and E′ such that
E ⊕ ε1  V  E′ ⊕ ε1. As mentioned above, there can be at most two such quaternionic
line bundles. Hence V is completely determined by p12 (V). 
Combining Lemmas 4.1, 4.4 and Corollary 3.16 we obtain
Theorem 4.5. Let M be a closed spin 5-manifold and consider the sets
W1 : {V ∈ [M, BSO(5)] : w2(V)  w4(V)  0},
W2 : {V ∈ [M, BSO(5)] : w2(V)  0, w4(V) , 0}.
Then W1 is a group such that the map
W1 → H
4(M;Z) ⊕ Ωfr1 , V 7→
( p1
2 (V), κ(V)
)
is an isomorphism of groups.
Furthermore if dimH4(M;Z2) > 0 then every element in W2 is uniquely determined by its
spin characteristic class p12 which are in one-to-one correspondence to ρ
−1
2 (H
4(M,Z2) \ {0}),
where ρ2 induced by the mod 2 reduction Z→ Z2. In particular every vector bundle in W2 is
determined by its stable class.
5 Applications
Wewill collect some consequences of the proceedings sections concerning the topology
of 5-manifolds. Denote with βi : dimH i(M;Z2) and bi : dimH i(M;R) the Betti
numbers of M.
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It follows from 3.2 that M is stably parallelizable if p12 (M)  0, where we definep1
2 (M) to be
p1
2 (TM). Thus with Proposition 4.3 we deduce that M is parallelizable if
and only if κ(TM)  k(M)  0.
Proposition 5.1. Let M be a closed, oriented, stably parallelizable spin 5-manifold. If β2+β4 ≡
b2+ b4 ≡ 1 mod 2, then M is parallelizable, otherwise TM  p∗(TS5) for p : M → S5 a map
of odd degree.
Proof. Since M is spin we have w4(M)  0 and by assumption
p1
2 (M)  0. From
Theorem 4.5 there are exactly to isomorphism classes of spinnable vector bundles of
rank 5 over M, which are distinguished by κ. One of them has to be the trivial bundle
ε5 with κ(ε5)  0. Thus from Proposition 4.3 the tangent bundle is isomorphic to ε5
if and only if k(M)  0, i.e. β2 + β4 ≡ 1 mod 2 or b2 + b4 ≡ 1 mod 2 (where the two
sums are equal due to the Peter-Lusztig-Milnor formula [15]).
If this is not the case, then the non-trivial stably parallel quaternionic line bundleE is
given by (ν◦p)∗(H), where p : M → S5 is a map of odd degree, ν ∈ π5(S4) the generator
and H → HP1 the tautological line bundle, see Theorem 3.15. Thus from Lemma 4.1
the vector bundles TM and (ν ◦ p)∗(H) ⊕ ε1  p∗(TS5) have to be isomorphic. 
Remark 5.2. Proposition 5.1 is partly known: In [4] the authors show that a stably
parallelizable manifold is parallelizable if and only if k(M)  0.
An immediate consequence of Corollary 3.16 is
Corollary 5.3. If H1(M;Z)  0 then M is stably parallelizable. There are exactly two
isomorphism classes of spinnable rank 5 vector bundles over M and M has trivial tangent
bundle if and only if β2 ≡ b2 ≡ 1 mod 2. Otherwise TM  p∗(TS5).
From the naturality property of κ we may deduce properties for coverings of spin
5-manifolds.
Proposition 5.4. Suppose M is a closed, oriented spin 5-manifold with finite fundamental
group. Furthermore assume that the universal cover π : M˜ → M is also spin. Denote by #π
the cardinality of the fibers of π. Then
(a) If #π ≡ 0 mod 2 then M˜ has trivial tangent bundle . Thus β˜2 ≡ b˜2 ≡ 1 mod 2, where
β˜2, b˜2 are the second Betti numbers of M˜ with Z2 and R coefficients respectively.
(b) If #π ≡ 1 mod 2 then M˜ has trivial tangent bundle if and only if β2 + β4 ≡ b2+ b2 ≡ 1
mod 2.
Proof. Since T˜M  π∗(TM) we have κ(T˜M)  deg2 π · κ(TM)  #π · κ(TM), see
Corollary 3.17. The proposition follows from Proposition 4.3 and the formula for the
Kervaire semi-characteristic. 
Proposition 5.5. Let M be a closed spin 5-manifold with H1(M)  Z2. Then M is stably
parallelizable and M is parallelizable if and only if β2 ≡ b2 ≡ 0 mod 2.
Proof. Since w4(M) ≡
p1
2 (M) mod 2 and w4(M)  0 since M is spin, we obtain
p1
2 (M) 
0 because of H4(M;Z)  H1(M)  Z2.

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